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ABSTRACT:

In this paper, we illustrate by an evidence that the Kingni-Jafari differential system @ = —w, = —u—w, w=3u—av+ u® —
w? —vw+ b, where a and b are real parameters has no Darboux and rational first integrals for any value of a, b. Furthermore, we
show that this system has no global C* first integrals for a € (0,3),b > 0 and 3b — ab > a?. Also, an analytic first integral for

some generic condition is studied of this system at the neighborhood of the equilibrium point (OZ 0).
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1.INTRODUCTION :

Kingni and Jafari in (Kingni et al., 2014) proposed has a rare equilibrium point (O,S,O) fora # 0.

the simplest electronic circuit design. This . L .
electronic circuit consists of a resistors, AD633 The §tudy of ch_aotlc_ System. (1.) 1S S|gn|f|§:ant In
- i . o physics and engineering applications, especially in

multiplier, capacitors and operational amplifiers. circuit, control and communications.In (Wei et al
This circuit can be considered by the following ’ > A
. . " g 2016), the authors proved that this system is the

three-dimensional chaotic differential system . A

chaotic system with invisible attractors and that
the stable equilibrium point can coexist with a
strange attractor for specific parameters.
Dynamics of the Kingni and Jafari system have
explained via numerical simulations such as phase
portraits, bifurcation diagrams and new cost
function for parameter estimation. Wei et al
(2016) have learned complex dynamical behaviors
and topological structure of the system such as the

uU=-w,
v=—u—w, Q)

w=3u—av+ u*— w?—-—vw+b.

* Corresponding Author: dynamics of this system at infinity, periodic
Sno F. Muhammed lutions, Hopf bifurcation and zero Hopf
E-mail: shnoo.farhadd@gmail.com 59 u A P A p
Article History: bifurcation. System (1) has been studied in the
Recented. 31/10/2016 papers (Kingni et al., 2014 and Wei et al., 2016)
Published: 15/06 /2020 but none of those papers mentions the integrability

or non-integrability. In this paper, we investigate
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first integrals of a Darboux and an analytic type of
system (1).

Solutions of a differential system can be compared
with the existing behavior of a system to make if
the theoretical detailing of the system is accurate.
This is interesting topic in the sciences. A
Darboux integrability is a method to find a
solution of a differential system, for more details
see (Ollagnier, 1997, Christopher et al., 2007,
Llibre and Valls, 2011a, Llibre and Valls, 2011b
and Hussien and Amen, 2018).

2. PRELIMINARY RESULTS.

This section is started with a short overview of
the integrability problem, the Darboux method
and the auxiliary results which are given (Llibre
and Zhang, 2002, Llibre and Zhang, 2010, Llibre
and Valls, 2011b and Llibre and Zhang, 2012). To
prove our important results, firstly we give some
basic definitions and theorems as a background to
this study.

The associated vector field to system (1) is
define by

- w2 i (—u—wl _ 2 _
X = Wau+(u W)av+(3u av+ u

2 _ 9
w vw+b)aw. (2)

Let D be an open subset of C3, a non-constant
function H:D — Cis a first integral of the
polynomial vector field y on D if it is a constant
on all orbits (u(t), v(t),w(t)) of x contained in
D. Obviously, that H is called a first integral of y
on D if and only if

0H OH
¥(H) = —w——+ (—u—w)—av+(3u—av+
2 2 aH_
u w vw+b)—aW =0. (3)

A local (global) first integral H is a first integral
whose domain of definition is a neighborhood of
an equilibrium point (whose domain of definition
is R3) of system (1). We recall that H is an
analytic (rational) first integral if it is an analytic
(rational) function.

An equilibrium point (ug, vy, wy) of system (1) is
said to be an attractor if all eigenvalues A; of the
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Jacobian matrix of (1) at (ug, vg,wy) have
negative real parts.

Theorem 2.1. Routh-Hurwitz Criterion. The zero
of 23+ a;A% + a,A + a; = 0 have negative real
parts if and only if a; > 0,a; >0 and a;a, —
as; > 0.

We present the following results concerning
with the non-existence of first integral, that we use
later on, this is due to (Llibre et al., 2015).
Theorem 2.2. If system (1) has an equilibrium
point (uy, vy, wy) Which is either repeller or
attractor, then system (1) has no C* first integrals
defined in a neighborhood at (u,, vy, wy).

A Darboux theory of integrability has a best
method to determine that systems have a first
integral or not. Now, we will describe its some
basic nations, for more deep information look at
(Christopher and Llibre, 2000 and Llibre and
Valls, 2011b) ). Suppose that f = f(u,v,w) €
Clu,v,w], then f =0 is said to be an invariant
algebraic surface or it is called a Darboux
polynomial of y if there exist a polynomial
K¢ € Clu, v, w] such that

= —w i, - _
x(f) = Wau+( u W)av+(3u av+
of
uz—wz—vw+b)ﬁ—fo, (4)

we recall K is the cofactor of f and the degree of
K¢ here is at most 1.
Proposition 2.3. System (1) has a rational first
integral if it has two different Darboux
polynomials with the match cofactors.

We denote an exponential factor of system
(1) by E which defined by a non-constant

g
function of the form E =ef with greatest
common divisor between g and f is equal to one.
That means (g, f) = 1, where g,f € Clu,v,w]
and it is satisfied

OE OE
XE)=-w—+(-u-w)—+@Bu—-av+
2 _ w2 _ OE _
u w vw+b)aW—EL, (5)

for some polynomial L = L(u,v,w) € Clu,v,w]
of degree at most 1 which is called the cofactor of
E.



g
Proposition 2.4. i) The function E =ef is an
exponential factor of polynomial differential
system (1) and f is a non-constant polynomial,
then f = 0 is an invariant algebraic surface.
ii) Finally e9 can be an exponential factor, getting
from the multiplicity of the infinity invariant
plane.

Theorem 2.5. Darboux Theorem (Christopher and
Llibre, 2000). Suppose that a polynomial vector
field y of degree d in C3 have p irreducible
invariant algebraic surfaces f; = 0 such that the f;
are pairwise relatively prime with cofactors K; for
9j
i=1,..,p and g exponential factors e’J together
cofactors L; for j = 1, ...,q. There exist 4;, u; € C
not all zero such that

to1 AiKi + 2]y uily = 0, (6)

if and only if the function

e ([e%]#l [e%rq) )

is the first integral of system (1).

The form (7) is called a Darboux first integral.
The following proposition is essential to prove the
existence of an analytic first integral of system (1)
which is due to (Llibre and Valls, 2008).
Proposition 2.6. (Llibre and Valls, 2008) . The 3-
dimensioal linear differential system

u U
U = PU, where U = (v) U= <v>
w W

has two independent first integrals which are
given in the following cases

ultz
vi1

A
1. F, =% and Fzzx—;ifp=

4 0 0
( 0 A O ) with 2; € R\{0},
0 0 A

i =123
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w1

2. F, =% and Fzzwexp(—%”)if

ut2

A 0 0
P= (1 A O),With 2; € R\{0},

0 0 4,
i=1,2.
u? v\ .
3. F, = P— and F, =uexp (—?) if

A 0 0
P= (1 M 0>,With A, € R\{0}.

0 1 1A
2 2 A
4. F =" and

F, = exp (—Za arctan(g)) w? +v?)Fif

a —f 0
P = <ﬁ a 0), with 4, a, f €
0 0 2

R\{0}.

5. F; = (u? +v?) and

F, = exp (—/1 arctan(g)) whifp =

0 -8 0
(/3 0 0>,With A, B € R\{0}.
0 0 2

3. MAIN RESULTS AND THEIR PROVING

In this part, the existence of rational first
integrals (see Theorem 3.3), Darboux first
integrals (see Theorem 3.5) and an analytic first
integral (Theorem 3.8) are the main results of
system (1) are described. Moreover, some other
results relative to this topic are studied in this
work such as a polynomial first integral, invariant
algebraic surfaces, exponential factors and
C? first integrals of system (1).

The following proposition is the first result in this
work.

Proposition 3.1. System (1) has no polynomial
first integrals.

Proof. Let H = ¥, H;(u,v,w) be a polynomial
first integral of system (1), where each H; is a
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homogeneous polynomial in its variables of
degree i. By definition of first integral, we have

—w aa—uH+(—u—W);—vH+(3u—av+
uz—wz—vw+b)%H=O. (8)
Computing the terms of degree n + 1, we obtain
(u?— w? - vw)%Hn(u,v,w) =0,

that is
H,(u,v,w) = F;(u,v),

where F; is a polynomial of variables u and v of
degree n. Also, computing the terms of degree n
in equation (8), we have

) )
—w £F1(u; v)+ (—u— W)a_uFl(u’ v) +
(3 u— av)%Fl(u,v) + (u?— w? -

a
v w) ﬁHn_l(u, v,w) =0,

this gives

Hn—l(u! v, W) =

1 d
W( <(2 u— U) (EFl(u, 17)) —
d 2
v <£ F;(u, v))) arctanh (—%2 ::2) +
10 10
((—5 —FhWv) -3 R v)) In(—u? +

w2+ vw)+ F(u, v)>V4u2 + v2>.

Since H,_;(u, v,w) is a polynomial of degree n —
1, then we have

Z F () + —=Fy(u,v) =0, )

and
(2u —v) (%Fl(u, v)) . <aa—uF1(u, v)> =0,
(10)

It is clear that the solution of equation (9) is
F(uv) =KW -u),
where F; is polynomial of variables u and v.
Since, F; is the polynomial of degree n then it
must be in the formula
Fi(u,v) =c(w—uh (11)

ZANCO Journal of Pure and Applied Sciences 2020

where c is arbitrary constant. Putting (11) in
(10), we obtain

cn(v—uw)"u=0,
Thisgivescn = 0,thenc=00r n=0.Ifc =0,
this implies that F; = 0, then H,(u,v,w) =0, in
this case system (1) has no polynomial first
integrals. If n = 0 then H is a constant function,
this is trivial. This means that there is no a
polynomial first integral of system (1).
Proposition 3.2. System (1) does not have
invariant algebraic surfaces with non-zero
cofactors.
Proof. Suppose that f =Y", fi(u,v,w) is an
invariant algebraic surfaces of system (1) with the
cofactor K = ko + kyu + kv + ksw, where k; €
Cfor i =0,...,3, and each f; is a homogeneous
polynomial in its variables of degree i. Assume
that f, # 0for n > 1,then by definition of
invariant algebraic surface, we obtain

w2 —u-wZ _ 2 _
Wauf+(u W)auf+(3u av+ u

w2 —vw+b)—f = Kf. (12)

We first compute the terms of degree n + 1 to
obtain

(u? — w?— vw)%fn(u,v,w) =
(kiu + kyv + ksw) f,,(w, v, w).

(13)
This gives

frw,v,w) = G, (w,v) (—u? + w?+

2w+v
arctanh(7>(2k1u+2k2v—k3v)
k3 Vau? +v?
vw) ze Vau? +v? , (14)

since f,(u,v,w) is a polynomial function, this
implies thatk; =0,k, = —m and k; =—-2m
where m € N U {0}. Then equation (14) becomes

fu,v,w) = G,(w,v) (—u? + w? +vw)™,
where G, is a polynomial of variables u and v of
degree n — 2m. Also, calculating the terms of
degree n in equation (12), we take out

—w ( (aa_u G, (u, v)) (—u?+ w2 +vw)™ —

2mu Gy (uw) (—u?+ w?+v w)m
24 2 + (_u -
—-u“+ w<+vw

w) <(;_v G1(w, U)) (—u?+ w2+vw)™ +




—u?+w2+vw

mw G;(wv) (-u?+w?+v w)m> +Gu-—

m (2 w+v) Gy (wv) (-u?+w?+v w)m 2
av) —-u2+w2+vw +(u -

w _UW)( fn- 1(UVW))
= koG (w,v) (—u? + w2 +vw)™+

(—mv = 2mw)f,_1 (u, v, w),
this gives

froci(wv,w) = —% In(—u®+ w? +

vw) ( G, (u,v) +- Gl(u v))

—(4u2iv2)g <4 (2 (u2 + ivz) (u -
%v) (aa_u G, (u, v)) +
(—uzv - %vP’) (;—u G, (u, v)) + G, (u,v) ((m +

ZkO)uz—%muv+

l 2 ( v+2w )
2kov )) arctanh ) | T
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from equation (17), if G; = 0 then f,,(u,v,w) =
0, this gives that system (1) has no invariant
algebraic surfaces. Or, if m = 0, this givesk, =
ks = 0. Then equation (12) becomes

—Waa—uf(u,v,w) + (—u—w);—vf(u,v,w) +

Bu—av+u?— w? —vw+b)%f(u,v,w)
= ko f(u,v,w). (18)

It is not essay to discover a solution of equation
(18). So, the weight change of variables is used as
described in (Libre & Pessoa, 2009) in order to
find an invariant algebraic surfaces of system (1).
Letu=uU,v=V, w=W and t=uT, with
u € C\ {0}. Then, system (1) turn into

U=-w

V =—p?U —uw

W = udU?+3 U —auV —uw? —

uVw+byu, (19)
where the dots denote the derivative of the
variables U,V and W with respect toT.
Set F(U,V,W) = u™f(uU,V,W) =

Toou/ F;(U,V,W), where F;is the weight

homogeneous part with weight degree n — j of F,
and n is the weight degree of F with weight
exponents = (1,0,0). And K(U,V,W) = k,.

(‘”” G1 (“'")(‘2”3+((‘%+a)”+ §W>”2‘% (v-3w) uvilav+w) ”2)>Tpen by invariant algebraic surfaces, we have

(4u2+ v2)(u2-w2-vw)

G,(uw,v) | (—u?+ w2 +vw)™

Since f,,_; is a polynomial then we have

a d

™ G, (u,v)+ EGl(u, v) =0, (15)
1 1

— (4 (2 (u?+ =v?)(u-—-

(4 (2 1)

%v) (aa_u G, (u, v)) +

(—uzv - iv3) (;—u G, (u, v)) + G, (u,v) ((m +
2 ko) u? —%muv + %ko v2)>) =0, (16)

and

4m G, (u,v)(—%u3+((—%+a)v+%w>u2 —% (v— % w) u v+i(av+w) vz)

=0,
(17)

(4u?+ v2)(u2-w2-vw)

Wyt o —F(UVW)+( —u*U —

W) EG o F(UVW)+(M3U2
3,uZU—auV ,uWZ—,uVW+

bu)Z ou’ F(UVW)—

ko F(UVW) (20)

We calculate the terms which contain u° to obtain
— 2 Fy(U,V,W)Z —

ko Fo(U,V,W) =0,
that is

-ko U
Fo(U,V,W) = Go(V,W) e w

where G, is a polynomial function of variables V
and W. Since, F,(U,V,W) is a polynomial
function. Thus, we obtain k, = 0. This implies
that system (1) has no invariant algebraic surfaces
with non-zero cofactors.

Theorem 3.3. System (1) has no rational first

integrals.

ZANCO Journal of Pure and Applied Sciences 2020
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Proof. From Proposition 3.2, system (1) has no
Darboux polynomials. Then by Proposition 2.3,
system (1) has no proper rational first integral.

We proved that in Proposition 3.2, system (1)
does not have invariant algebraic surfaces. So, by
Proposition 2.4, an exponential function must be
in the following

E = eg(u,v,w)'

for more details see (Libre & Valls, 2012).

Proposition 3.4. System (1) has only two
exponential factors e and e”with cofactors —w
and —u — w, respectively.

Proof. Let E = e9@vw)
g, v,w)=X}_0gx(u,v,w) be an exponential
factor with non-zero cofactorL =Ly + Liu +
L,v + Ls;w, where each g, is a homogeneous
polynomial in its variables of degree k. Then, we
have

9 d
—w 2 ,guvw) oy 2 g(uvw) _
W e+ (U W) e 4 (B
av+ ut— wi-vw+ b)ﬁeg(u,v,w) _
L eg(u,v,w). (21)

Simplifying

9 9
—w — g, v,w) + (—u—-w)—g(u,v,w) +

Bu—av+ u?—w?2—-vw +b)%g(u,v,w)
= L. (22)
Firstly, we assume that n > 1. calculating the

terms of degree n + 1in equation (22), we take
out

2
w? - w?—-vw) —gn(wv,w) =0,

that is
gn(ur vl W) = Fl (u, v)l

where F; is a polynomial of degree n. Also,
computing the terms of degree n in equation (22),
we obtain

0 0
-w aFl(u, v)+ (—u— W)%Fl(u, v)

d
+(3u—av)%F1(u,v) + (u?— w2—-vw)

3}
ﬁgn—l(u; v, W) =0,
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this gives
g‘l’l—l(ul v, W) =

1 a
W( <(2u - U) (a—vFl(u, U)) —
d 2
v (E F;(u, v))) arctanh (——::2::72) +
10 10
((—5 L) =2 —F(uy, v)) In(—u? +

w2 +ovw)+F(u, v))\/4u2 + v2>

Since g,—1(u, v,w) is a polynomial of degree n —
1, then we have

ZFwv) +5 = Fwv) =0 (23)
and
Qu —v) (aa—vFl(u, v)) —v (aa—uFl(u, v)) =0,
(24)

it is clearly that the solution of equation(23) is
Fi(u,v) = F5(v —u),

where F; is a polynomial of the variables u and v.
Since, F; (u, v) is a polynomial of degree n, then it
must be in the formula

FFlu,v)=c(v—-uw" (25)
where c is arbitrary constant. Putting (25) in (24)
we take out

cn(v—uw)"=0.

Since, n > 1 then ¢ = 0, this implies that F;, = 0,
this gives g, = 0. Thus g =0, forn > 1. Now,
we assume that g(u,v,w) is a polynomial of
degreen = 1.
Letting g(u, v,w) = ¢y + ciu + c,v + c3w.
Then, by equation (22), we have

—we,+(—u—w)e, + Bu—av+ u?-—
wZ—vw+b)cy=Lo+ Liu+Lv+ Lyw.

Comparing the coefficient, we obtain ¢; =L, =
Ly=0,¢c; =Ly —Lzand ¢, = —L;.
That is

gu,v,w) = (L, —Ls)u— Ly v.
This implies that e(t1=Ls)¥=L17 js the exponential
factor with cofactor L;u + Lzw. Hence, the only
two independent exponential factors of system
(1) are e* and eV with cofactors —w and —u — w,
respectively.

Now, having a Darboux first integral is illustrated
in the following theorems.



Theorem 3.5. System (1) has no Darboux first
integrals.

Proof. Since, e* and eV are the unique exponential
factors with cofactors —w and—u—w,
respectively. Then by Darboux Theorem 2.5, we
have

p(=w) + pp(—u—w) =0, (26)

with non-zero constants u,, u, € C. The above
equation has no non-trivial solution. Then, system
(1) does not have a Darboux first integral.

The condition ab # 0 that has assumed in system
(1) is an essential condition to prove the existence
of €1 and an analytic first integral.

Muhammed. Sh. et al. /ZJPAS: 2020, 32 (3): 1-9
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Theorem 3.6. If a € (0,3),b > 0and 3b — ab >
a? then system (1) has no a global C? first
integral.

Proof. Since soz(O,S,O) is the equilibrium

point of system (1), then the Jacobian matrix at s,
of system (1) is

0 0 -1
j=|"1 0 -1
3 —a -2

A characteristic equation of the above matrix is
P =P +22+@B-a)l+a=0.

The eigenvalues are

A =
17 6a
1

A3 3 a3-9a?+b?

1
A3 6a3-18a?%+2b? b
__+—

—— and
3a

1
b V3i , A3  6a3-18a?+2b?

bhy=—f,~—— 1 ~— 5t (o ——7 )

3aA3

—108a* — 36 a®b +

12 a*V—12a® + 189a* + 54a3b — 3a%b?% — 324a3 — 162a%b + 18ab? + 12b3 + 324a% — 27h% +
108a?b — 8b3.

Then by Theorem 2.1 the eigenvalues have non-
zero negative real parts if and only if a€
(0,3,b>0 and3b—ab >a? Then, by
Theorem 2.2 system (1) has no global C?* first
integrals in the neighborhood of s,,.

Proposition 3.7. The linear part of system (1) has
no polynomial first integrals at the equilibrium

point s, = (0,2, 0), where a and b satisfy

27a* — b3 =0,

3a3 —9a? + b% = 0. (27)
Proof. Firstly, we use the linear transformation

(u, v,w)—>(u,v+§,w) to move s, into the

origin by then system (1) becomes
u=-w,

vV=—u—w,

i b
w=3u—av——-w-vw+ u? — wa.

(28)

The linear part can be written of the above system
as

1'7] = l—l 0 —4 H (29)
w 3 —a —-|llw

a

The characteristic equation at (0,0,0) is
u3+gu2+(3—a)u+a=0. (30)

Simply, we can see that equation (30) has a triple
real root say A if and only if it could be written as
(u—2)3=u®—-32u?+3 %u— 25
Thatis, 1 =—, with
Li(a,b) =23+a, Ly(a,b)=3—a—322
Putting the value of 1 = —;;a in L; and L,. We
compute the value of aand b such that L, = L, =
0, to obtain
27a* — b3 =0,
3a3 —9a? + b% = 0.

ZANCO Journal of Pure and Applied Sciences 2020
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This impliesthat 1, =1, = 13 = —%, then from
cases 1-3 in Proposition 2.6, we obtain the linear

part of system (1) has no a polynomial first
integrals.

Theorem 3.8. If a and b satisfy the condition
(27), then system (1) does not have analytic first

integrals at s, = (O,S,O).
Proof. Firstly, we move the equilibrium point
(0.2,0) into the (0,0,0). Then, by the  linear

change of coordinates (u,v,w) — (u,v + Z,w),
system (1) can be transformed into system (28).
Suppose that H = Y.;51 H;(x,y, z) is analytic first
integral of system (1), where H; is a
homogeneous polynomial of degree i for all i > 1.
We will illustrate by induction that
H; =0 foralli>1.
Since, H is a first integral of system (28), then by
definition of first integral, we have

oH oH b
—W£+(—u—w)5+(3u—av—gw—

2 _ ,2) 94 _
vw+ u W)aW—O. (31)

Calculating the terms of degree 1in
equation (31), we take out

a a
—-w Hi(u,v,w) + (—u — W)a—le(u, v,w) +

b 0
(3u—av—;w) Z H(wv,w)=0. (32)

Then H, could be a zero polynomial or it could be
a polynomial first integral of first degree. Since, a
and b satisfy the condition (27), then, by
Proposition 3.7, the linear part of system (28) has
no polynomial first integral. This gives H; = 0,
which proves H; = 0 for i = 1.

Now, assume that H; =0 for i=1,..,m—1
with m > 2, and it will be proved for i = m.
Using induction supposition, calculating the terms
of degree m in equation (31), we obtain

—-w :—u H,,(u,v,w) +
B b
(—u—w)a Hm(u,v,w)+(3u—av—z W)

2 Hyy (1, v,w) = 0. (33)
Then, H,, could be a zero polynomial or it could
be a polynomial first integral of m degree. Since,
a and b satisfy the condition (27), we proceed as
the case H; fori =1, and using by Proposition
3.7, we obtain that H,, = 0. This proves that
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H; =0 for all i > 1. Thus, system (28) has no
analytic first integral. Going back under the

change of coordinates (u,v,w) — (u,v + Sw)

gives that system (1) does not have an analytic
first integral at s,.

4. CONCLUSION

In this paper, we proved that the Kingni—Jafari
system has no Darboux first integrals. Also, this
system has no analytic first integrals at the
neighborhood of the equilibrium point and we
obtained that the system has no global C?t first
integrals for a € (0,3),b > 0 and 3b — ab > a?.
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