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Abstract
In this study we have dealt with the number of child’s who are exposed the (eye, respiratory or both) diseases in
the families whose at least one of their parents have the same diseases, which has caused by Chemical hit in
Kurdistan of Iraq in 1988.
The diseases are become inherited and the offspring’s have received the diseases from their affected parents and
transmitted to successive generations. In order to a chive the objectives of this research, the data obtained from a
sample of size (500) patient’s family chosen randomly by stratified sampling, it described situations in which the
families composed of members affected by the diseases.
From available data the transition probabilities and the expected length of time that the process spends in each
state of the two types are determined; also the matrix of the expected number of offspring of the two types is
defined.

Keywords: Finite state Markov Process, Two type branching process, Probability Generation Function.

1. Introduction

Branching processes have mainly been used to model the growth of population; they are
widely used in biology and epidemiology to study the spread of infectious diseases and
epidemics.

In this work the two type continuous-time homogenous branching process presented with a
population of patients, since the individual carry two genes for unit character receives one
from each parent, so they of either type will produce offspring’s of possibly both types
independently with the same direct descendant’s probability distribution.

This research consists of three sections; the first section involves the basic concepts of
Markov Process, two types branching process and the Probability Generation Function. The
second section specify for application, it includes describing and analyzing of data, the third
section shows the results determined by the practical part.

2: Methodology

This section illustrated some basic concepts of finite state Markov Process, transition
probability matrix, two type branching process, probability generation function, mean of
population size of the n-th generation for two types Branching Process.

2.1: Markov Processes

Of the different groups of stochastic processes, Markov processes occupy an important place.
A stochastic process with a discrete parameter {X(t); t = 0,1,2, ...}, or a stochastic process
with a continuous parameter {X(t); t = 0} is called a Markov process for any set of time
periods t; <ty < ... < t, if the X(t,) conditional distribution { X(t,),X(t3),....,X(t,)} of
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information values depends on X(t,_;) only and in the sense Accurate to any number of real
numbers (X;,X,, ...., X,,). (Lawler, 2006) (Lefebvre, 2007)

P[X(ty) < XpuIX(t1) = X; X5, oo oo, X(tn—1) = Xpy]| =
P[X(t,) = X, |X(ty) = X(ty—;) = Xp-4] . (1)

And that the equation means that if the state of the process is given at the present time, its
state in the future does not depend on the movement of the process in the past.

It can be said that the Markov process has the following characteristic: -

Given the value of (X;), then the values of (Xg) where (E>t) do not depend on the values of
(X,) where (u<t), that is, the probability of any future state of the process when the current
state is known is not related to the state in the past period.

The independent trials can be defined as the set of possible outcomes (E4 E, ....) finite or

infinite and each of them is associated with a probability (B ). (Kirkwood, 2015)
P[(X0, X1, -, Xin)] =Bo By e By .. Q)

In Markov's theory, it takes into account simple generalizations, which lie in giving the
opportunity for the outcome of any attempt to depend on the result of the immediate previous
attempt, and that the result (Ey) is not related only with the constant probability (F; ) but with
any pair (E;Ey ) that matches the conditional probability (B ).

Assuming that (E;) occurs in some trials, the probability to (Ey) in the next attempt is (Py )
and in addition to (B ), we should give the probability (ax) of the result (Ey) on the first

attempt, Markov processes are categorized by: (Sericola, 2013)

1- The natural of the process, whether it is discrete or continuous parameter.

2- The natural of the scientific case space.
It is said that the real number (X) is a possible value or state of a random process {X(t),t € T}
if there is a time (t) that belongs to (T) such that the probability p{X-h < X(t) < X+ h } is
positive for each (h>0).
The set of possible values for a process in the space of that state is called The state space and
the desecrate space if it contains a finite or infinite number of states that can be computed.
The not desecrate state space is called the continuous space, and a Markov process with
desecrate state space is called a Markov chain. The set of integers (0,1,2, ...) is often used to
mean the state space of a Markov chain. (Douc, 2018), (Bhat&Miller, 2002)

State Space
Discrete Continuous
Discrete Markov chain Markov chain

Parameter Space

Continuous | Markov processes Markov processes

The Markov process is described by the transition probability function and is often denoted by
the P (E, t/Xy, ty) which represents the conditional probability that the state of the system in
time (t) belongs to (E) if given that the system is in the state (X) in time (t, < t).

It is said that Markov processes have stationary transitional probability or that they are
homogeneous in time if they P (E, t/Xq, ty) depend on (tg , t) only on difference (t — t,).

222 Vol.26, No.2, 2022



2022 Jlu 2.5l05 < 26 . S5 Ol ye dadl; 3 38515 61858

2.2: Two -State Markov Processes
In continuous time analog we may assume that the changes of state of mind are such that the
resulting process is a Markov Process, To be specific, let {X(t); t = 0} be a continuous
parameter Markov Process with states {0, 1}.the transition probabilities defined
as.(Kirkwood, 2015)

P;(t) =P[X(0) =j|X(0) =i]  i,j=0,1
Hence for the two state Markov process {0, 1}, in which the process changes its state from 0
to 1 with rate (A1) and from 0 to 1 with rate (p), the transition probabilities are given by (Ross,
2019), (Medhi, 2014)

0 A
Po® =3 e
A A
B(t) = — — —(A+plt
01 (0 A4p ?a-l-ue . (3)
1 poo -
Po® = e
H _
Pu® = e

Farther, as t — o

My = llm Ppo (1) = llm Po(t) = l+u

} e

Also the expected length of time p;;(t) in (0, t) that the process spends in state (j), having
initially started from X(0) =i (i = 0,1). Are given by

m = llm By, (t) = llm Py, (t) =

;’-.+|.L

Hoo(t) = A+u (Aj r = e ] _

oy (B) = ?a?-';—tu @j NE [1 - e~ G+wr] )
(L) = 3 -I— O —I— BE [1 — e~ @tmt]

hu(0) = ?u?-:-tu G + )2 [t —ememr]

The fraction of time in (t) that the Markov Process spends in states 0 or 1. These are given by

lim

t—oo

lim

t—oo

t . t
Hoo(t) — lim Hyg(t) — H
t—oo At
t . t A
Ho1(t) — lim Myq(E) —
t—oo Atu
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And the distribution of the number of transitions a two-state Markov Process spent in each of
the state (types) during every visit is negative exponential.

fo(t) = Ae™2t t>0
fj(t) = pe Mt t>0 } - ()

They related the process parameters A and u to the directly observable characteristics of the
process the expected lengths of visits to each state{0,1}.

E(0) :% and E(D :i .. (8)

Thus crude estimates of the process parameters are obtaining

1 1

.;‘]. = m , n = m (9)

2.3: Two type branching processes

A main concept in spread biology is the variant increase proportion of different types of
individuals. Two types branching processes supply a primary point for our discussion of this
topic.

Take into consideration a branching Galton-Watson processes with a population of patients
where tow different types may be distinguished, individuals of either type will produce
offspring of possibly both types independently. (Kimmel, 2002)

LetU,, and V, be a random variable representing the number of individuals of type (1) and
type (2) ancestors respectively, in the n-th generation, so we can write

Uper = 2,5 X2, X7 (10)
Vo =I5 VHER (1)

When the branching processes is one of the applications Markov sequent then the transition
probability law of Markov process is:

P(X; =K,Y =L)=PRi(k,D ... (12)
k,1=0,1,2,3.... for j=12,3, ... and i=1,2

Where (X}, }f) are independent identically distributed (iid) random vectors with probability
mass functions P; (k, 1) as above.

The simplest situation assume the process begins with a single individual then we define for
incipient conditions

U{] =1 and VQ =0 (13)
Or
U{] - Cl and V{J - 1 e (14)

And the probability extinction of individuals of the two types ({I*,11?) are determined as
follows:
For type (1)
nm=P[U,=0,V,=0|U,=1,V,=0] ..(15)
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And for type (2)
nm?=p[Uu,=0,V,=0/U,=0,V, =1] ... (16)

2.4: The offspring distribution

Let the process X(t) be the number of direct descendants produced by and individual. The
probability that an individual having the number (k) of affected offspring’s has the poisson
distribution with mean (4) for type (1), (Gonzalez; et, 2010)

PIX(t) = k] = ”"_:fk k=0123,.. ..(7)
And with mean (p) for type (2),
PIX() = k] = k=0123,..  ..(18)

k!

2.5: Probability Generation Function Relations for two types Branching Process.
In this section we show some relation for two-dimensional probability generation function of
(U,) and (V) offspring the population size of the n** generation, as (Kirkwood, 2015)

o (a1,92) = ELla,*, q,'] = B2 Pk, Dgs¥qt ... (19)
0=quq=1 and t=1.2

And their multiple step generalizations

49511}((?1-%) = Z P(Un =kV,=1l|Uy=1V, = U)lefi’zi

ie1=0 ... (20)
0 (qy,q2) = Z p(U, =k V,=1|Uy =0,V = 1)g,"q,'
k.l=0

With n = 0, it is clear that the generation function of (4) is

eV (a1,92) = 44

017 (q1,92) = ¢V (q1,a)
and that of (5) is

2
0P (q1,92) = a2
0?(q1,92) = 9@ (q1,92)

And it can be start by generalizing the method used for the one - dimensional process that

o) (41,02) = 03 (0 (a1,92), 05 (a1,4))
2.6: Mean of Population size of the n-th generation for two types Branching Process.

The method of generation function is the most important tool in the study of branching
processes; It is useful to determine the mean matrix of the n-th generation.
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When (U,,) and (V) the number of offspring for the population composition of the n-th
generation and consider the expectations, (Kimmel, 2002)

dey”

(q1,92)
dq,
39057 (q1,92)
9q;
oS (q1,42)
dq,
307 (q1,42)

dq;

|Q1=Q2=1
|Q1=QE=1
|Q1=Q2=1

|Q1=Q2=1

= E[U,|Uy = 1V, = 0] = m""
= E[U,|Uy = 1,V, = 0] = m{"
= E[V,|Uy = 0,V, = 1] = m;

= E[V,|Uy = 0,V, = 1] = m":

() |

(m)
.. (22)

—

(1)

(1)

Then the expected matrix for n-th generation for two type branching process is,

. I:nlll T”.lz]
T lmsy Mg
So
) _ m[lr;] m{lrzl}
M o (n) (n)
My, My,
1
@
my = 200 =12
]
:_}llj (23)
PFy 1)
And m;; = ;:I’_l" j=12
j
= Wy ... (24)
Here:
M= A1 /112]
Hz1  Haz

According to offspring’s distribution of the two types (1) and (2) the probability generation
function are given as, (Haccou, Jagers & Vatutin, 2005)

qa{l}(ql. q2) = ¢(q11). ¢(qy2)

— 3311(q1—1)+312(q2—1)

¥ (q1,q2) = 9(q21)-0(q22)

— 3l121(q1—1j+l122(42—1)

Also the expected number of offspring of the two types (1) and (2) successive generation size
defined as below.
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Gy, = (Un Vn)

Then

E(Gpis |Gy = Gy M - (25)

3: Application

This section includes statistical study about the analysis of the data, we show here some of the
techniques of Markov Processes and two Type Branching Processes for chemical attack
diseases especially Eye and Respiratory diseases. The result of each method was performed
by statistical package in Mat-lab.

3.1: Data Collection

In this study we have dealt with the number of child who are exposed to the (eye, respiratory
or both) diseases in the families whose at least one of their parents are affected with the same
diseases which has resulted by chemical weapon.

The diseases are become inherited and, so the offspring’s have received the diseases from
their affected parents and transmitted to successive generations, for this purpose the data have
got from a sample of size (500) families chosen by stratified random sampling from the
patients who are recorded by ministry of Martyr and Anfal of Kurdistan region.

Our attention on two diseases eye and respiratory, we noted some of the patients having more
than one disease, the available data define in the following tables: -

Table (1): Represents the number of affected offspring according to their disease.

Disease Eye Respiratory | Total
Eye 222 162 384
Respiratory 230 237 467

From table (1) shown the offspring’s number of diseases (Eye and Respiratory) where at least
one of parents are affected.

Table (2): Represents the number of affected and unaffected parents by diseases (eye and
respiratory).

Affected Unaffected
Parents _ _ Total
Eye | Respiratory Eye Respiratory
Father 246 320 27 23 616
Mather 237 324 36 19 616

3.2: The transition probability diseases matrix of Markov Processes.
The available data transformed to the transition probability disease matrix p;;(t) as defined

below:-

s [222 162
230 237
Where:
S..
B (t) = =5 vV oij=12

S..

j=1=ij
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Then

_[0.5781 0.4219
Bi® = ]o2025 05075

When the distributions for type one (0) and type two (1) are exponential then their rates
determined by equation (8) as

222+230

s 0.5311 _— A=1.882

E(0) =

E() ="22" 04680 ——  u=21327

The distributions of the two types that the process spent in each state by equation (7) are
f(0) = (1.8829) e (1.8829)¢ t>0
f(1) = (2.1327) e~(21327)t t>0

The transition probability P’I.f,.t]of Markov Processes {X(t)} after (t) time by equation (3) as
defined in table (3).

Table (3): The transition probability of {X(t)} for (t) time

© o)
Time () B :[EE} E](i)
10 11

) o) _ [05396 04605

v~ los5215 04785

, o _ [05313 04687

v~ 105300 04691

5 @ _ [05311 04689

v~ 105311 04689

. o5 _ [05311 04689

v~ 105311 04689

- oG _ [05311 04689

v~ 105311 04689

; o _ [05311 0.4689

v~ 105311 04689

In table (3) showed the transition probability matrix in (t = 4) is the steady state for each
type , it means
71—0 - llni P{]{] (4) - %11‘[; Plﬂ (4) = 05311
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3.3: The expected length of time that the Process spends in each state:
The expected length of time x;; (t) when the parameter of Markov Processes {X(t)} spend by

equation (5) it shown in table (4).

N FOINC
Time (t) u{(}_}: ‘(Jtﬂ] ::Jtl]
Mo Mg

; (5 _ [27615 2.2385
Mii” = 25355 2.4645

" (10) _ [5.4062 45938
ij 52033 4.7967

. (15 _ [8.0509 6.9491
S ij 78711 7.1289
2 (20) _ [10.6956 9.3044
Hij 10.5388 9.4612
25 (25) _ [13.3403 11.6597
Mij = 13.2066 11.7934
2 (30 _ [15.9850 14.0150
My = li5.8744 141256
25 (35) _ [18.6297 163703
Mij = lig.5421 16.4579
40y _ [21.2744 187256
40 My = 121.2099 187901
.5 (45 _ [23.9191 21.0809
My = los.g777 211223
50 (s0) _ [26.5638 234362
Mij = |26.5454 23.4546
. (ss) _ [29.2085 257915
Mij = 20,2132 25.7868

lim 220® = 2200 _ ¥ _ 5 05311

toew tom t At

. t . t A

lim 222® — fyy Bu2@ _ 2 _ m; = 0.4689
toew tom t At

3.4: The generation size of each type
The expected number offspring’s affected by the two types eye and respiratory disease
determined by equations (23), (24) and defined as bellow: -
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M= A1y 312}

21 HMaz

0.4912 0.4060

M=
[0.5088 0.5940

Then the generation size of the number offspring by equation (25) it shown in table (5).

Generations E(Goss | Go) = Gy

1 E(G,) = (452 399)

2 E(G,) = (425.0336  420.5180)
3 E(Gy) = (4227361 422.3513)
4 E(G,) = (422.5403 422.5075)
5 E(Gs) = (422.5236  422.5208)
6 E(Gy) = (4225222 422.5219)
7 E(G,) = (422.5220  422.5220)
8 E(Gg) = (422.5220 422.5220)
9 E(Gs) = (4225220  422.5220)
10 E(Gyo) = (4225220  422.5220)

4: Conclusions:
According to the results from the practical part we reach to the following conclusions: -
1- The transition probabilities of the two type diseases have stabilized at time (t=3), table
@).
2- The expected length of time that the process spends in each state of the two types are
continually increasing with time until (t=55), table (4).
3- In the second generation the size of the first type has decreased, but the size of the
second type has increased, after that the sizes of both types are no more changed, table

(5).
4- The generation size stability of both types have attained at time (t=7), table (5).
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